The dynamics and synchronization properties of coupled chaotic semiconductor laser networks are numerically studied. As network nodes, we consider a small number of nonlinear elements of semiconductor lasers. In relation to the networks in coupled synaptic neurons, the synchronization properties of systems and conditions for zero-lag synchronization between semiconductor lasers are investigated. It is proved that a common driving laser in the adjacent coupled nodes plays a crucial role in zero-lag synchronization in semiconductor laser networks.
Introduction
In secure communications using chaotic semiconductor lasers, two lasers are coupled with each other and a secret message is successfully decoded on the basis of chaos synchronization between the two lasers. Chaos synchronization between two lasers is a key factor in chaotic secure communications. 1) Even in many coupled semiconductor lasers of more than two, chaos synchronization has been observed. [2] [3] [4] [5] [6] Recently, the analogy of the dynamics between synaptic neurons and chaotic semiconductors as nonlinear elements has been pointed out. 2, 7, 8) Coupled semiconductor lasers have similar characteristics to neurons, such as excitability from external stimuli, suppression by conflicted signal injections, periodic and even chaotic oscillations, synchronization among elements, and networking. 7, [9] [10] [11] [12] [13] [14] [15] Therefore, the behaviors of real neural networks can be effectively investigated and information processing that is similar to human brain can be performed on the basis of such systems. As a model of nonlinear networks, semiconductor laser systems have the advantage of ease of treatments both for theory and experiments. One of the notable features of semiconductor lasers is the fast-time response on the order of nanoseconds. The response is much faster than that of neurons (the response of neurons is typically on the order of milliseconds). We can also expect systems of compact laser networks based on integrated photonic circuits.
In common nonlinear networks, synchronization between distant elements is of particular importance. 2, 7, [16] [17] [18] [19] [20] [21] [22] [23] [24] For example, zero-lag synchronization of neurons in a distant area plays an important role in information processing in the brain. There are many nonlinear network elements similar to synaptic neurons. In this paper, we focus on chaotic semiconductor lasers as nonlinear elements and discuss the dynamics and the synchronization properties in coupled semiconductor laser networks with a rather small number of elements. First, we briefly discuss chaotic semiconductor lasers as nonlinear elements and, then, investigate the synchronization properties up to four network elements. We also focus on the conditions for zero-lag synchronization of the networks. Finally, we discuss the prospects for the synchronization properties in networks of many coupled semiconductor lasers.
Semiconductor lasers as nonlinear elements
One of the well-known methods to fabricate chaotic semiconductor lasers is self-optical-feedback. Figure 1 (a) shows a schematic model of optical feedback in semiconductor lasers. We here represent a semiconductor laser as a nonlinear element by a circle and an optical feedback by a semicircle with an arrow. For common narrow-stripe semiconductor lasers, the optical field E 1 and the carrier density n in the presence of optical feedback are described by the following rate equations:
where α is the linewidth enhancement factor, G n is the differential gain, n th is the carrier threshold, and ω 1 is the optical angular frequency. τ ex denotes the optical feedback time, and κ ex represents the optical feedback coefficient given by ex ¼ ð1 À r 2 0 Þr= in r 0 (r 0 is the fact reflectivity of the laser cavity, r is the external mirror reflectivity, and τ in is the round trip time of light in the cavity).
Figure 1(b) shows another example of elements for fabricating chaotic semiconductor lasers induced by optical injection from a different laser. An arrow in the figure represents optical injection from laser 1 to laser 2. An optical injection technique is usually used to fabricate a stable slave laser both in intensity and frequency. However, depending on the parameters of optical injection strength and the frequency detuning between the two lasers, the slave laser even shows chaotic oscillations. The complex field of optically injected slave laser is written by 1) dE 2 ðtÞ dt ¼ 1 2 ð1 À iÞG n fnðtÞ À n th gE 2 ðtÞ
where τ is the optical transmission time from laser 1 to laser 2, κ inj represents the injection coefficient defined by inj ¼ r inj ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð1 À r 2 0 Þ= p = in r 0 (r inj is the optical injection fraction and η is the refractive index of the laser medium), and Δω is the angular frequency detuning Δω = ω 1 − ω 2 between the two lasers. In the case of optical injection, the carrier density equation for the two lasers has the same form as that in Eq. (2) . In the following numerical simulations, we use the above models to investigate the synchronization of network elements in chaotic semiconductor lasers. The typical laser parameters used for numerical simulations can be found in Ref. 25 . We also assume zero frequency denting Δω = 0 for current numerical simulations. Throughout the numerical simulation in this paper, the correlations for time series in the evaluation of synchronization are all calculated under the conditions of chaotic or quasi-periodic oscillations in semiconductor lasers. The correlation function between l-th and k-th intensities of semiconductor lasers, I l and I k , is defined as:
Small networks and synchronization

Two coupled semiconductor lasers
The simplest networks are two coupled semiconductor lasers, as shown in Fig. 2 . Figures 2(a) and 2(b) are two unidirectionally coupled lasers with optical feedback. They are used for a system of chaotic secure communications. In both systems, zero-lag synchronization is expected when the times of the optical feedback delay and the optical injection are the same and the strengths of the optical feedback and optical injection in the two lasers balance.
1) The zero-lag synchronization corresponds to complete chaos synchronization, in which the two semiconductor lasers are described by the equivalent rate equations in the mathematical sense. When the time of the optical feedback delay is not equal to the optical injection time, they show anticipated chaos synchronization, and the correlation delay becomes τ − τ ex . 25) If the optical feedback strength and optical injection power do not balance, the two lasers show generalized synchronization and the time lag between the two lasers becomes τ, which is the coupling time between them. 1) In the case of two mutually coupled semiconductor lasers, different dynamics are observed. In Fig. 2 (c), we could expect zero-lag synchronization since the two lasers have symmetry without considering intrinsic laser noises. However, real lasers contain spontaneous emission noises. Owing to the presence of noises, symmetry breaking of synchronization occurs and, as a result, the two lasers show achronal synchronization, in which the leader laser for synchronization alternately switches from one laser to the other with time in a random manner. 26, 27) Figure 3 (a) shows a numerical example of achronal synchronization in two mutually coupled lasers. The correlation peaks of the laser outputs appear at ±3 ns (τ = 3 ns is the coupling time between the two lasers). Indeed, achronal synchronization is observed in experiments, as shown in Fig. 3(b) . Therefore, we must take intrinsic laser noises into consideration in the following numerical calculations.
An achronal synchronization system in mutually coupled two lasers can be changed to a system of zero-lag synchronization when an optical feedback loop is added to one of the lasers. Figure 2 (d) shows such an example. When the optical feedback time is equal to that of the coupling time between the two lasers, and the total optical power of optical injection and optical feedback in laser 1 is equal to the optical injection power from laser 1 to laser 2, the two lasers synchronize with zero-time delay, as shown in Fig. 3(c) . For zero-lag synchronization in our systems, the power balance of optical feedback and optical injection between the two lasers is essential. When the optical feedback strength is increased at a certain optical injection from laser 1 to laser 2, the zero-lag peak appears in the intensity correlation function. However, it does not exceed the achronal correlation peaks unless the power balance does not meet. Even for a strong 1 2 
(a) optical injection from laser 1 to laser 2, zero-lag synchronization is only achieved when the total optical powers of optical feedback and optical injection balance between the two lasers. Namely, the balanced external optical feedback plays a role in a chaotic driving force to the entire system, and the system exhibits in zero-lag synchronization. In the following study, the coupling time between two lasers, τ, is always assumed to be the same as the optical feedback delay time τ ex . Noted that the same colors (gray scales) of lasers in Fig. 2 denote zero-lag synchronization, while the different colors show different time-lag synchronizations.
Three-node networks
Even for three simply coupled laser networks, there exist 13 potential modules.
2) Six out of the 13 different modules correspond to linear chains, while the other seven are ring structures. If we include the optical feedback loops to lasers, the number of possible modules becomes enormous (that is 69). However, all of these modules are not always suitable for useful connections for real communication networks. Figure 4 shows some of the examples of modules for useful networks. Figure 4 (a) is a chain of mutually coupled three lasers. In this system, the outer lasers show zero-lag synchronization; however, the central laser shows delayed synchronization compared with the outer lasers. Figure 5 shows an example of the correlations among three lasers in this scheme. As plotted in Fig. 5(a) , the outer lasers show zerolag synchronization, while the center laser and the outer lasers show delayed synchronization. Noted that the output of the center laser is always delayed compared with those of the outer lasers. Namely, the outer lasers become leader lasers for synchronization in this configuration. Similar results of zerolag synchronization have been obtained for mutually coupled chain neurons, in which the Hodgkin-Huxley model is used for numerical simulations. 2, 8) When an optical feedback loop is added to one of the outer lasers in Fig. 4(b) , the synchronization among three lasers changes. This configuration is similar to that in Fig. 2(d) and, as a result, the entire system reduces to zero-lag synchronization when a driving force of an optical feedback is strong enough and the total power of optical feedback and injection in every laser is assumed to be the same.
A simple ring configuration of three unidirectionally coupled lasers is shown in Fig. 4(c) . We could also expect zero-lag synchronization owing to the symmetry of the system if we ignore intrinsic laser noises. However, as discussed in Fig. 3 , we must consider laser noises, and the system reduces to delay synchronization. Namely, the delay of the output from each optically injected laser is equal to the coupling time from the injection laser. Figure 6(a) shows an example of the correlations in this configuration. Figure 6(b) shows the calculated coefficient of the maximum correlation peak for the optical injection ratio. Above 3 percents of optical injection, three lasers show quasi-periodic or chaotic behaviors. However, the correlation is low for a small optical injection ratio. A strong optical injection is required to obtain a high coefficient of correlation. By adding an optical feedback loop to one of three unidirectionally coupled ring lasers in Fig. 4(c) , the system of delay synchronization is changed to that of zero-lag synchronization, as shown in Fig. 4(d) . Again, the optical feedback loop becomes a driving force to the entire system and the system reduces to zero-lag synchronization under appropriate condition for driving strength. Figure 4 (e) shows a system of mutually coupled ring lasers. In this case, each laser mutually drives the other adjacent lasers and this results in zero-lag synchronization, even when the lasers contain noises. The importance of driving force is clearly demonstrated in Fig. 4(f ) . In this system, a chaotic laser with optical feedback (laser 1) commonly drives two mutually coupled lasers (lasers 2 and 3) and, then, the two lasers show zero-lag synchronization.
28)
Four-node networks
The next examples are four coupled semiconductor laser networks. Figure 7 (a) shows a chain of four mutually coupled lasers. In this configuration, similar results as those for the three coupled lasers in Fig. 4(a) are observed. Namely, synchronous oscillations of lasers alternately appear, and cluster synchronization is established in the system under appropriate conditions of optical injection. Laser 1 and laser 3 form one cluster of zero-lag synchronization, and laser 2 and laser 4 become another zero-lag synchronization. The scheme is sometimes called sublattice synchronization. When an optical feedback loop is added to one of the outer lasers in Fig. 7(b) , all the lasers are forced to undergo zero-lag synchronization similarly to the case shown in Fig. 4(b) . A ring configuration of four unidirectionally coupled lasers is shown in Fig. 7(c) . Despite the symmetry of the system, we cannot expect zero-lag synchronization owing to the existence of intrinsic laser noises, as discussed earlier.
Instead, the outputs of adjacent lasers show delayed synchronization similarly to those in Fig. 4(c) . On the other hand, the diagonal pairs show achronal synchronization, since, for example, laser 1 and laser 3 are mutually coupled via buffer lasers, laser 2 and laser 4. Figure 7 (d) shows a system of four mutually coupled ring lasers. Similarly to the case of two mutually coupled lasers, the adjacent lasers show achronal synchronization as shown in Fig. 8(a) , due to the existence of laser noises. On the other hand, the diagonal pairs become zero-lag synchronization, as shown in Fig. 8(b) . The zero-lag synchronization is explained as follows. Laser 1 and laser 3, for example, are driven by the same lasers, laser 2 and laser 4, respectively, and, as a result, the diagonal pairs output synchronous oscillations. Then, the network shows sublattice synchronization. For such a system, one can reduce it to zero-lag synchronization, when an optical feedback loop is added to one of the lasers, as shown in Fig. 7(e) . As discussed above, the feedback loop plays a role in driving the whole system.
Toward synchronization in large-scale of networks
If common driving nodes were essential for zero-lag synchronization in semiconductor laser networks, we could extend the results obtained in the previous sections to a larger number of network nodes. Figure 9 shows such an example of mutually coupled ring lasers. In the case of an odd number of nodes in Fig. 9(a) , for example, paying attention to laser 1, and considering counter clockwise chaotic signal transmission, laser 5 becomes a driving laser for laser 1 and laser 4. Then laser 1 and laser 4 show zero-lag synchronization [the situation is the same as that in the network shown in Fig. 4(a) ]. Also, laser 3 is a driving laser for laser 4 and quasi-periodic laser 2. Then, laser 4 and laser 2 become zero-lag synchronization. Thus, laser 1 is driven by the adjacent laser, laser 2, with zero-time delay. As a result, all lasers show zero-lag synchronization. A network consisting of an odd number of nodes in mutually coupled semiconductor lasers with symmetrical configuration is a candidate for zero-lag synchronization. On the other hand, for an even number of nodes shown in Fig. 9(b) , a driving laser appears alternately in space and, as a result, the system shows sublattice synchronization with two clusters. We emphasize the importance of the existence of a driving laser for realizing zero-lag synchronization in semiconductor laser networks. As examples of roles of driving lasers, we consider a combination of two systems of a mutually coupled laser chain shown in Fig. 7(a) and a mutually coupled laser ring shown in Fig. 4(e) . Originally, the chain shows sublattice synchronization and the ring shows zero-lag synchronization. One of the outer lasers in Fig. 7(a) , for example, laser 1, is replaced by the ring system in Fig. 4(e) . Then, all the lasers are forced to undergo zero-lag synchronization owing to the strong drive of the ring lasers (the result is not shown here). Also, zero-lag and cluster synchronizations as discussed here, especially for ring laser systems, have been explained by considering the topological configurations of the networks.
The number of synchronized clusters is related to the greatest common divisor (GCD) of the number of laser nodes and the topology of network connections. 20) We employ a notation of GCDðm; nÞ ¼ p, where GCD denotes the greatest common divisor, m is the number of network nodes, and n is the connections of network loops. Then, the resultant number of clusters becomes p. For examples, three ring lasers with a mutually coupled system, as shown in Fig. 4(e) , shows zerolag synchronization (a single cluster), since GCDð3; 2Þ ¼ 1.
For four ring lasers with a mutually coupled system, as shown in Fig. 7(d) , the system has two synchronization clusters since GCDð4; 2Þ ¼ 2. If an optical feedback loop is added to one of the lasers in Fig. 7 (e), GCD becomes GCDð4; 2; 1Þ ¼ 1 and the system reduces to a single cluster, namely, zero-lag synchronization. In the case of large networks, an odd number of mutually coupled nodes, as shown in Fig. 9 (a), GCDð5; 2Þ ¼ 1 and the network shows zero-lag synchronization, while in the case of an even number of nodes, as shown in Fig. 9 (b), GCDð6; 2Þ ¼ 2 and the network shows a two-cluster synchronization (sublattice synchronization). Noted that the rule of GCD only says a possibility of synchronization, cluster-p synchronization, in a particular network. Namely, for certain networks, cluster synchronization that is derived from GCD is only realized for limited ranges of system parameters (in the case of semiconductor laser networks, κ ex and κ inj are the important parameters).
Indeed, in our preliminary study, the GCD rule has been satisfied for less than roughly 10 nonlinear nodes in mutually coupled ring semiconductor lasers at an appropriate optical injection strength. The GCD rule for a large number of mutually coupled network nodes has already been tested for other nonlinear elements by numerical simulations. 22) On the other hand, for a larger number of network elements in semiconductor lasers in our current study, the GCD rule fails and the synchronization quality greatly deteriorates for less than 100% optical coupling strength both for zero-lag and cluster synchronizations. Therefore, further detailed study of the application of the GCD rule and also the synchronization properties in a larger number of mutually coupled semiconductor lasers is required. Also, the network models treated here are limited cases (chain and ring laser systems). Actual networks have great diversity, and the study of the synchronization properties of other types of networks, for example, hub-star networks, is required. 
Conclusions
The dynamics and synchronization properties of networks in coupled chaotic semiconductor lasers have been investigated. In particular, the conditions for zero-lag synchronization between distant elements in a small number of network nodes have been derived. The existence of drive lasers is very important for zero-lag synchronization in coupled laser networks. We considered a small number of network elements (up to four). The obtained results could be extended to a rather small number of semiconductor lasers (up to ∼10), but the GCD rule for cluster synchronization failed for a larger number of semiconductor laser networks. The properties of synchronization in coupled semiconductor laser networks have similarities with those of the networks of synaptic neurons and other nonlinear network elements. The dynamics and synchronization in chaotic semiconductor lasers are strongly related to neuron-based information processing. [29] [30] [31] Using their properties, we can, in the future, expect to construct fast chaotic neural networks, for example, networks for solving optimization problems.
